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Abstract 

Using simple commutator relations, we obtain several trace identi- 
ties involving eigenvalues and eigenfunctions of an abstract self- adjoint 
operator acting in a Hilbert space. Applications involve abstract uni- 
versal estimates for the eigenvalue gaps. As particular examples, we 
present simple proofs of the classical universal estimates for eigen- 
values of the Dirichlet Laplacian, as well as of some known and new 
results for other differential operators and systems. We also suggest 
an extension of the methods to the case of non-self-adjoint operators. 



1 Introduction 



In 1956, Payne, Polya and Weinberger | PaPoWejl have shown that if {Xj} is 



the set of (positive) eigenvalues of the Dirichlet boundary value problem for 
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the Laplacian in a domain f2 C IR n , then 



(PPW) 



A m +i ~ A m < 



mn 



i=i 



for each m = 1, 2, . . . . 

This inequality was improved to 



(HP) 



m+l 



mn 

— > . 



by Hile and Protter [ |HiPr|| . This is indeed stronger than ( PPW|) , which is 
obtained from ( |HP| ) by replacing all Xj in the denominators in the left-hand 
side by A m . 

Later, Hongcang Yang [|YaH proved an even stronger inequality 



1 + - ) A, 

n 



(HCY-1) (Am+i _ A 3 -) I A m+1 

3=1 ^ 

which after some modifications implies an explicit estimate 
(HCY-2) 



< 



A 



m+l 



< 



\ / ,=i 



These two inequalities are known as Yang's first and second inequalities, 
respectively. We note that ( HCY-1| ) still holds if we replace A m+ i by an 
arbitrary z G (A m , A m +i] (see [paStjl ), and that the sharpest so far known 
explicit upper bound on A m+ i is also derived from (|HCY-1| ), see ||Ash| , formula 
(3-33)]. 

Payne-Polya- Weinberger, Hile-Protter and Yang inequalities are com- 
monly referred to as universal estimates for the eigenvalues of the Dirichlet 
Laplacian. These estimates are valid uniformly over all bounded domains 
in R™. The derivation of all four results is similar and uses the variational 
principle with ingenious choices of test functions, and the Cauchy-Schwarz 
inequality. We refer the reader to the extensive survey [|Ash|l which provides 
the detailed proofs as well as the proof of the implication 

( [HCY-ip ( |HCY-2| ) (|HPJ) => ( PFWD . 

In 1997, Harrell and Stubbe [ HaSt showed that all of these results are con- 
sequences of a certain abstract operator identity and that this identity has 
several other applications. 
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Similar universal estimates were also obtained in spectral problems for 
operators other then the Euclidean Dirichlet Laplacian (or Schrodinger oper- 
ator), e.g. higher order differential operators in ~R n , operators on manifolds, 
systems like Lame system of elasticity etc., see, |[Hal| , [Hoi], |Ho2| , [HaMil 
I Ia.\li2| and already mentioned survey paper [ Ash 



Unfortunately, despite the abstract nature of the results of ||HaSt|| , it is 
unclear whether they are applicable in all these cases. 

The first main result of our paper is a general abstract operator identity 
which holds under minimal restrictions: 

Theorem 1.1. Let H and G be self-adjoint operators such that G(Dh) Q 
Dh- Let Xj and (f)j be eigenvalues and eigenvectors of H. Then for each j 

(i.D E l([W->l 2 = -l ([[g , G1 , G1 , J , fe >. 

k 3 

This theorem has a lot of applications, notably the estimates of the eigen- 
value gaps of various operators. In particular, the results of Payne, Polya 
and Weinberger for the Dirichlet Laplacian follow from (|1 . 1| ) if we set G to 
be an operator of multiplication by the coordinate x\. Then (|1 . 1| ) takes a 
particular simple and elegant form: 



oo J UXl 



a - ™ 
OX, 



I") £ 



n 



1 



k=l 



Aft — A r 



(According to B Simon flSIf , this identity was known to physicists already in 
the 1930s.) Then ( PPW|) follows from (|1.2|) if we sum the resulting equalities 
over I and use some simple bounds, see Examples |4.1| , [4.2| for details. There 
are other applications of Theorem |1.1| - in each particular case one should 
work out what is the optimal choice of G - and we give here several such 
applications. 

Our other main main result is the generalization of the formula ( |1 . 1| ) to 
the case of several operators. Namely, suppose we have two operators Hi and 
H 2 (the model case being Laplacians with different boundary conditions) and 
we want to estimate eigenvalues of Hi in terms of eigenvalues of H 2 . Then one 



can write the formula, similar to (LI), but instead of the usual commutator 



[H, G] we will have the 'mixing commutator' H\G — GH2. It turns out that 
one of the operators Hj in this scheme can be non-self-adjoint. Details are 
given in Section 3. We give several applications of the second formula as well; 
however, now the possible choice of the auxiliary operator G is even more 
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restrictive, since we have to make sure that all the commutators involved 
make sense. 



Acknowledgements. We are grateful to M Ashbauch, E B Davies, and 
E M Harrell for numerous helpful remarks and useful discussions. 



2 Statements for a Single Operator 

In this Section, H denotes a self-adjoint operator with eigenvalues \j and an 
orthonormal basis of eigenf unctions <pj. Operator H acts in a Hilbert space 
TL equipped with the scalar product (•, •) and the corresponding norm || • ||. 
We start by stating the following obvious result. 

Lemma 2.1. Let Xj = A^. Then 

(2.1) ([H,G}^, ( p k ) = 0. 

Our next Theorem gives various trace identities similar to the one given 



in Theorem 1.1 



Theorem 2.2. Let H and G be self-adjoint operators with domains Dh and 
Dq such that G(Dh) C Dh C D g . Let \j and 4>j be eigenvalues and eigen- 
vectors of H . Let Pj be the projector on the eigenspace Tij corresponding to 
the set of eigenvalues which are equal to Xj . Then for each j 

(22) ^ m ,q* M r = j M ^ jt<h) _ 



(2.3) ^(A t -A 3 )|(G^,^)| 2 = -i([[/f,G],G]^,^). 



(24) E K1 ^)' )|2 = ii^ir-n^ 



(2.5) ^(A.-A,) 2 !^,^)!^ 
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Remark 2.3. The summation in ( p.2| )-( p75|) is over all k. Lemma |2.1| guaran- 
tees that the summands in (|2.2| ) and (|2.4j ) are correctly defined even when 
Afc = Xj (if we assume 0/0 = 0). 

Remark 2.4- Instead of the condition G(D(H)) C D(H) we can impose 
weaker conditions G(pj G D(H), G 2 <pj G D(H), j = 1,.... Moreover, the 
latter condition can be dropped if the double commutator is understood in 
the weak sense, i.e., if the right-hand side of ( |2.2| ) and ( |2.3| ) is replaced by 
([H,G]fa,Gfa) (see (gig) below). 

Remark 2.5. Formulae (|2.2|)-(|2T5|) can be extended to the case of H having 
continuous spectrum. In this case, the identities will include integration 
instead of summation, cf. |[HaSt|| . We omit the full details. 



Proof of Theorem \H.2\ . We are going to prove identities ( |2.2| ) and ( |2.3| ); the 
other two identities are proved in a similar manner (and are much easier). 
Obviously, we have 

(2.6) [H, G\<j>j = (H- Xj)Gfa . 
Therefore, 

(2.7) (G[H, G}fa, fa) = (G(H - Xj)Gfa, fa) . 
Since G is self-adjoint, we have 

(G(H - Xj)G(j)j, fa) = ((H- Xj)G(j)j, Gfa) 
(2-8) = J2((H - Xj)G<j>j,<f>k)(<pk,G<pj) = ^(A, - XMGMh)?. 

k k 

Using the fact that [H, G] is skew-adjoint, the left-hand side of ( |2.7|) can 
be rewritten as 



(G[H, G]fa, fa) = -{[[H, G],G]fa, fa) + ([H, G]Gfa, fa) 
1 ' J = -([[H, G),G]fa, fa) - (fa, G[H, G)fa) , 

so 

(2.10) (G[H,G]fa,fa) = -±{[[H,G],G]fa,fa) 



(notice that (G[H,G]fa,fa) is real, see ( p.7|) and (|2.S| )). This proves (fX 
Since ( p.6|) implies 



([H,G]fa,<p k ) = (X k - XMGfa,^) , 
this also proves (|2.2|) . □ 
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Let us now put in ( |2.4j ) G = [H, F] where F is skew-adjoint. Then due to 



(|2.1| ) the second term in the right-hand side of (|2.4j) vanishes, and we have 
the following 

Corollary 2.6. For a skew- adjoint operator F such that F(<ftj) G D(H 2 ) for 
all j , we have 



(2.11) 



E 



(A* - A,) 2 



As above (see Remark |2.4|), we can replace the conditions F(<ftj) G D(H 2 



by weaker ones F(cf)j) G D(H) if we agree to understand the double commu- 
tators in an appropriate weak sense. 

From now on, we assume that the sequence of eigenvalues {Aj}°2 =1 is non- 
decreasing. 

We now have at our disposal all the tools required for establishing the 
"abstract" versions of (pFWp and (|HCY-1|) . 



Corollary 2.7. Under conditions of Theorem 2Ji , 

m m 

(2.12) -(A m+1 - A m ) ^2([[H, G], G]^, 0,) < 2 ]T || [H, G]^f . 

3=1 3=1 

Proof. Let us sum the equations (|2.2j ) over j = 1, ...,m. Then we have 
x |([tf,G]^,0 fc )| 2 . 



(2.13) 



E E 

3=1 k=m+l 



At — A, 



i £([[#, G],G]0 JV 



3=1 



Parceval's equality implies that the left-hand side of ( ^.13 ) is not greater 

j m 

than — \\[H, G^f. This proves ( gig) . □ 



m+l 



3=1 



The next corollary uses the idea of [[HaSt 



Corollary 2.8. For all z G (A m , X m+ i] we have: 

(2.14) f> - A,) || [H, G]<p,\\ 2 > -\ f> - Xrfm G],G](pj, fr) 



3=1 

Proof. Let us multiply 
1, m. We will get: 



3=1 



by (z — \j) 2 and sum the result over all j 



(2.15) 



3=1 fc 



At — A, 



1 m 

^E^- A ^) 2 ([[^G],G]^,0,). 



3=1 



The left-hand side of ( |2.15| ) can be estimated as follows: 
(2.16) 



££(--- A- 

3=1 k 



|2 |([ff,G]fr,fo)| 2 
Afc — Xj 



Xf. — Xj 



j=l k=l 

m oo i i x t t ^vi i i \ 19 



K[ff,G]^,^)r- 



<££(*- a,: 



|(p,G]^,«| 



2 



, / , Xk — Xj 

3=1 k=l J 



m oo 



+ E E (^-A,-)i([^G]^,0,)i 2 

j=l fc=m+l 
m oo 

:^(,-A,)^|([i/,G]0„0 fe )| 2 

j=l k=l 

m m 



+ EE (<* " ^) 2 l< ' g f-A^ >|2 - (*" W^WI') 
j=i fc=i V i / 

= J2^-^)\\[H,G]<f )j \\ 2 

3=1 

+ E E ( ( z - x ^ Qh* M* ( f^f " 1 ) ) 



3=1 k=l 
in 

Y,{z-\)WMd>3\\ 2 

3=1 



+££ ( ( '' Aj) iv - kp. «i 2 ) 



i=l fc=l 

fit 

= j2^-^)\mG]4>,\\ 2 . 

3=1 

m m 

(The last equality uses the fact that the expression under is skew- 

symmetric with respect to j, k.) Now fl2.15p and ( |2.1(j| ) imply ( |2.14| ). □ 



Remark 2.9. As we will see in case of the Dirichlet Laplacian, our formula 
(|2.12j ) is an abstract generalization of Payne-Polya- Weinberger formula (|PPW|) , 
and ( |2.14| ) is an abstract generalization of Yang's formula 



3 Statements for a Pair of Operators 

The results of previous Section are not applicable, directly, to non-self-adjoint 
operators. To extend the spectral trace identities to a non- self- adjoint case 
we consider pairs of operators Hi, H 2 , where one of them is allowed to be 
non-self-adjoint. Using auxiliary operators G\, G 2 , we can relate the spectra 
of Hi and H 2 . 

First, we introduce the following notation. For a triple of operators 

X, Y, Z acting in a Hilbert space 7i we define the "mixing commutators" 

(3.1) [X,Y;Z] = XZ-ZY, {X,Y; Z} ± = X Z ± Z*Y . 

We note some elementary properties of "mixing commutators" ( |3.1| ): 

[X, X- Z] = [X, Z] , [X, Y\ Z}* = -[Y*,X*- Z*} , 
{X,Y;Z}* ± = ±{Y*,X*;Z} ± . 

We always assume non-self-adjoint operators to be closed. 

Our main result concerning non-self-adjoint operators is the following 

Theorem 3.1. Let Hi be a self-adjoint operator in a Hilbert space TC with 
eigenvalues Xk and an orthonormal basis of eigenf unctions <ftk, o,nd let H2 
be a (not necessarily self-adjoint) operator in TC with eigenvalues fij and 
eigenfunctions ipj. Define, for an auxiliary pair of operators G\, G 2 in TC, 
the operators 

A=[H u H 2] Gl], 
(3 2) B= \ Hl ^ H ^ G ^ ' 

V ' / /~t r tt* tt . 75* 

D ± = {C,B;Gl} ± . 

If the operators A, B, and D± are well defined, and all the eigenfunctions 
of H 2 belong to their domains, then the following trace identities hold for any 
fixed j: 

(3.3) Re 1 ~ % Wi, fo) • (M. fa) = ~( D -^> ^> ' 

(3.4) i Im V .. At "^ 2 (% <p k ) ■ (A^fa) = \(D + ^, ^> . 
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Proof. Acting as in the proof of Theorem |2.2| we get 

(G 1 [H 1 ,H 2 ;G 2 ]^ V ^) = {G X {H X G 2 -G 2 H 2 )^,^) 

= {(H 1 -n J )G*l> S ,Gy> j ) 



(3.5) 



^(G 2 ipj, {Hi - Hj)<pk) ■ (<l>k, G\i)j) 

k 

5^(A fc - //^(GJVi, 4>k) ■ (G^j, (f> k ) ■ 



Also, 



{[H x , H 2 ; G^j, <j> h ) = {{H X G 2 - G 2 H 2 )^, fa) 
(3.6) = \ k (G 2 i)j, (j) k ) - (G^jipj, (j> k ) 



(A fc - tij)(G 2 ipj,(f)k) 



and, similarly, 



(3.7) ([H^H^G^fa) = (A fc -TJ-)(G^,0 fc ). 

Therefore, (13.51) can be re-written as 



(3.8) (G 1 [H 1 ,H 2 ;G 2 ]iP j ,iP j ) 

-E rr 1 <[ g i» ^ e? 2 ]Vi, <fo) ■ {[h u h 2 - A) ■ 

k \ A k - flj\ 

Finally, using the definitions ( |3.1| ), we have 
(3.9) 

2Re(G 1 [H 1 ,H 2 ;G 2 }ij J ,^) = {{G X [H X , H 2 ;G 2 ] + # 2 ; G 2 ]*G^i, V>i> 

= -{{-G x [H x ,H 2l G 2 \ + [H^H^G^G*^,^) 
= -{{[HI H x ; G* 2 ), [H x , H 2 ; G 2 }; ^) . 

and 
(3.10) 

2ilm{G x [H x ,H 2 ;G 2 \il> j ,il> j ) = {{G X [H X ,H 2 ;G 2 } - [H x , H 2 ; G 2 ]*Gl)i/;j, ipj) 

= {{G X [H X , H 2 ; G 2 ] + [H*, H x] G%]G{)il>j,il>j) 
= {{[H*, H x ; G* 2 ], [H x , H 2 - G 2 \- G\} + ^ ^) • 



The Theorem now follows by combining (|3.8|)-( |3~T0"D and using fl3.2|). □ 



The trace identities ( |3.3D , ( |3.4j ) are much simpler if we choose G 2 
Then A = B = [Hi, H 2 , G*], and we immediately arrive at 



Theorem 3.2. If, in addition to conditions of Theorem % we assume G 2 
G\, the following trace identities hold for any j , 



(3.11) 
(3.12) 



k 



Re fij 



X 



Afc - /ij| 2 
Im 



An even simpler case is when the operators H 2 and Gx = G 2 are self- 
adjoint. As for any self-adjoint Z, {X, Y ; Z}„ = [X, Y; Z], we do not have 
to use any "curly brackets" commutators and immediately obtain 



Theorem 3.3. If, in addition to conditions of Theorem \3. i| , we assume that 
H 2 = H 2 and G\ — G* — G 2 — G, the following trace identity holds for any 



(3.13) 

E 



At 



Hi 



[Hi, H 2 ; G}ipj 



■{[[H^H^GUHuH^G^G]^) . 



We emphasize that each of the Theorems S - !-^ supersedes Theorem 2~2\ 
Indeed, if we set Hi = H 2 = H, = A&, ipk = 4>k, and G x = G 2 = G, we have 
[H, H; G] = [H, G], [[H, H; G], [H, H; G}; G] = [[H, G], G], and identity (|3~T3|) 
becomes ( p.2| ). The other identities generalizing ( p.3| ) ( p75| ) in Theorem |~ 
can be obtained in similar fashion. 



Remark 3.4- The main difficulty in applying Theorems |3.1| - |3.3| is the choice 
of auxiliary operators Gi and G 2 in such a way that all the commutators 
involved make sense. Similarly to Remark [2.4| , we can weaken the conditions 
of the Theorems by considering the double "mixing" commutators in the 
weak sense only. 

In principle, one can obtain estimates for the eigenvalues in a general 
situation of Theorem |3.1| . However, this is impractical because of the variety 
of combinations of signs of terms in (|3.3|) and (|3.4|). The situation simplifies 



if we consider more restricted choice of Theorems 3.2 and 3.3 



We start with applications of Theorem |3.2| . Before stating the main re- 
sults we introduce the following notation in addition to ( |3.2|) : 

|2 



(3.14) 



a ; 



J 



d: 



■{D.tpj^j), 



(recall that A = [H x , H 2 ; G*], D± = {—A*, A; Gl}±). It is easy to check that 
are in fact real numbers. 
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Corollary 3.5. Under conditions of Theorem \3.$\, for any fixed j, 



(3.15) 

Moreover, 
(3.16) 

and 
(3.17) 



dist(/ij, spec Hi) < 



2a 3 



id]? + (4) 2 



min | Re fij — Afc| < min 



< 



2a,- 



k | Re/ij — Ajfcj |d- 



Im /ij | < min 



\fij - A/ 



Im jXj | 



I 2 2a, 
< 



41' 



Proof. Subtracting identity (|3.11|) from ( p.!2|) , taking the absolute value, and 
using the triangle inequality and ( |3.14j ), we get 



dl 



The left-hand side of this inequality is estimated from above by 

' 0k)" 2 - 

k 



max ■ 



k \X k — fIj 



min \fij — Afc| 

k 



dist(/ij, spec Hi 



-a 



j ■ 



which implies fl3.15|) . The estimates (|3.16j ) and (|3.17|) are obtained by apply- 
ing exactly the same procedure to ( |3.11| ) and ( |3.12| ) separately. □ 



4 Examples 

Example 4.1. Second order operator with variable coefficients, Dir- 
ichlet problem. Let dk = d/dxf., and let H = —Y^k i=i^k^ki{x)di be 
a positive elliptic operator with Dirichlet boundary conditions in Q C M n 
(A = {ajk} is positive). Let G be an operator of multiplication by a function 
/. Then 

n 

[H, G]u = (Hf)u - 2 (d k f)a kl (x)(d lU ) , 

k,l=l 
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and 

n 

[[^,G],G] = -2^(9 fc /)a fc/ (x)(^/). 



k,l=l 

Therefore, Corollary |2.7] implies: 



j=i * \ k,i=i 

(4.1) A m+ i — A m < 



m p / n N 

£ / (ff/)^-2^(Q fc /)o«(x)W i ) 

i=i ^ V k,i=i 



m „ n 



£ / £(fc/)««(*)W)# 

i =1 n k > l=1 



Now, each choice of / in ( |4.1| ) will produce an inequality for the spectral 
gap. For example, we can choose / = %{. Then ( |4.1|) will have the following 
form: 



m „ / n ,1, 

£ / [^(diauix))^ + 2^a il (x)(di(j) j ) 

.7 = 1 o V 1=1 1=1 



J = L ^ 

(4.2) A m+ i — A m < 



a u( x ) £ 



Since (|4. 2|) is valid for all z, we have: 



12 



n m „ / n n 

EE/ E^ G ^))^ + 2 E a ^x<9i 



2 

•lOj ' 



i=l j=l * \i=l l=\ 



(4.3) < i=1J=1 " U=1 



£ / Tr(A(x))0 

n m pin 

p EE/ (Dw*)) 



III, n 

/ Tr(A(x))0j 

n m „ / n x ~ 

4 ?EE / E««^)w 

„■ — 1 „■ 1** \ J 1 



m „ 

£ / Tr(A(x))0 : 



where p and g are arbitrary positive numbers greater than one such that 
(p — l)(q — 1) = 1. The first term in the right-hand side of (|4.3| ) can be 
estimated by 



n I n 



The second term is not greater than 

m 

4g(^^ Xj) sup(maximal eigenvalue of A(x)) 
m inf Tr[A(x)) 
This gives the inequality for the spectral gap: 
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n I n 



\ \ ^ i=l \ 1=1 

X m+1 ~ X m < SUp - 



xe n mTr(A(x)) 
(4.6) , m 



4g | Aj J sup (maximal eigenvalue of 

0=1 



m inf Tr(yl(x)) 

in terms of the previous eigenvalues and properties of the coefficients of the 
operator but not the geometric characteristics of the domain. 

Example 4.2. Dirichlet Laplacian. Let now H = —A acting in the 
bounded domain Q C W 1 with Dirichlet boundary conditions. Then in ( [4.61 ) 
we can let p — > 00 (and so q — > 1) and get ( PPW|) inequality (in the same 
way as in |[HaSt| ): 



4 x - 

(4.7) A m+ i — X m < y Xj. 



If one uses Corollary |2]^ instead, one gets the following inequality (in the 
same way as in ||HaSt|| ) for all z G (A m , A m+ i]: 



(4.8) -^-A.OA^^-A,) 2 . 

n 3=1 ;=i 



If z = A m+1 , (U) becomes ( |HCY-1|) 



Now let us look once again at our main identity when H is the Dirichlet 
Laplacian and G is the operator of multiplication by x\ {I = 1, ...,n): 

(4.9) E<r1r4 

where 

(4.10) w mAl : = 



dxi 
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Using Gaussian elimination, one can find the orthogonal coordinate system 
Xi, x n such that 



(4.11) 



^m,m+l,l ^m,m+l,2 ••• ^m,m+\,n— 1 ^m,m+2,l 
= w m,m+2,n-2 = ■■■ = w m,m+n-l,l = 0. 

Let us now make the obvious estimate of the left-hand side of ( |4.9|) : 

2 00 „ ,2 



(4.12) 



dxi 



W m,k,l 1 



12 



k=l 



or 



(4.13) 



A m +i — A m < 4 



Summing these inequalities over all I = 1, ...,n gives 
(4.14) ^A m+ i < (4 + n)A m . 



As far as we know, this estimate is new for m > 1 (for a discussion of the 
case m = 1 see [|Ash|, Section 3.2]). 



Example 4.3. Neumann Laplacian. The case of the Neumann conditions 
is much more difficult than the Dirichlet ones because now if we take G to be 
a multiplication by a function g, we have to make sure that g satisfies Neu- 
mann conditions on the boundary. Therefore, we cannot get any eigenvalue 
estimates without the preliminary knowledge of the geometry of Q C M n . 
We combine the ideas of ||HaMil|| and [|ChGrYa|| to get some improvement on 



the estimate of ||HaMil| . 



Suppose, for example, that that we can insert q balls B p = B(x p ,r p ) 
(p = l,...,q) of radii r 1 > r 2 > ■ ■ ■ > r q inside Q such that these balls do 
not intersect each other. Let R(x) be the second radial eigenfunction of the 
Neumann Laplacian in a unit ball -8(0, 1) normalized in such a way that it 
is equal to 1 on the boundary of the ball. Then the function 



(4.15) g(x) 



R(r p 1 (x - x p )), x E B p 

otherwise 



satisfies Neumann conditions on dQ. Therefore, if we take G to be multipli- 
cation by g and H to be Neumann Laplacian on Q, they satisfy conditions 
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of pT2| . Therefore, corollary ^7?\ implies (by G\,Ci,... we denote different 



constants depending only on n) 
(4.16) A m+1 -A 

711 



771 Q TTl (] 

^EE^ 4 / «+^EE / iw/iv^i 

j=l p=l £ j=l p=l £ 



m q 



The denominator in the right-hand side of (|4.16|) can be estimated from the 
below by noticing that 0i = pr. Therefore, 

(4.17) A m+1 - \ m < yj r ;' + r" 2 £ A 



j 

2+n \p=l j=l 



p=l 

Assuming that all the radii rj are the same, we get 



(4.18) A m+1 - A m < C 4 \n\r 



q 



Example 4.4. Elasticity. Here we mostly follow the lines of ||Ho2|| (though 



the final result is slightly different); for convenience we use the same notation. 
We consider the spectral problem for the operator of linear elasticity, 

(4.19) Hu = — Au — agrad div u 

on a compact domain Q C M n with smooth boundary, with Dirichlet bound- 
ary conditions u|#n = 0. Here u = {u±, . . . ,u n ) is an n-dimensional vector- 
function of x = (xi, . . . , x n ) G f2, and a > is a fixed parameter. Denote 
the eigenvalues of (|4.19|) by Ai < A 2 < . . . A, < . . . , and corresponding 
eigenvectors Uj. 

We denote L = —A, M = — grad div, so that H = L + aM, and 
consider the operators Gi of multiplication hj x h I = l,...,n. Then, by 



Ho2| , Lemmas 4, 5], we have 

[L,G,] = -2Si, [M,G?,]=-i2, 
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where Siu = p*-, Riu = (divu)grada;; + gradw^. Also, 



y~][Ri,Gi]vL = 2u, y~][Si, Gi]n = nu. 



1=1 



Applying the identity (|2.2| ) of Theorem [2.2| with G — G\ and summing 
over Z = 1 . . . n, we obtain 



Er = ii((2^+^)u J , Ufc )p 



(n + a) . 



Corollary |2]7] now implies the estimate 

m n 

(4.20) A m+1 - A m < V V || (2S, + a^Uj 

mm + a) ' 



To estimate the right-hand side of (|4.20[ ), we need the following 

Lemma 4.5. If u = on <9f2, t/ien 

(4.21) (— grad divu, u) = || divu|| 2 , 



(4.22) W R i u W 2 = (« + 2)(-grad divu,u) + (-Au,u) 

i=i 

n 

(4.23) ^||^ U || 2 = (-Au,u), 

i=i 

n 

(4.24) ^2(Siu,Riu) = 2(-grad divu,u) . 



i=i 



Proof of Lemma \4-3j - The equalities ( |4.21 )— (4.23) are proved in | [Ho2| ] ; it re- 
mains only to prove ( 4.24|) . 

Using the definitions of Ri, Si, and integrating by parts, we have 

J^(S' / u, J R / u) = Y / ( g- J ' ((divu) grad x t + grad u t ) 

1 = 1 1 = 1 o ^ 



2=1 



1=1 k=l 



dui du k 
dx k dxi 



(div u) 



u ■ grad div u) 



2 (grad div u, u) 



□ 
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Applying now Lemma 



to the right-hand side of ( |4.20| ), we have 



m 

A m+1 - A m < —f— — -J2( 4 \\SiUj\\ 2 + ^II^UjH 2 + 4a{S l u j} R l u j }) 



m(n + a ) A 
j=i 



j m 

— — ^((4 + a 2 )(-Au J ,u J ) 



m(n + a) 



+ ((n + 2) a 2 + 8a)(— grad diviij, u,)) 

j m 

< — max(4 + a 2 , (n + 2)a + 8)(— Aii, — agrad div tr,, uj) 

j=i 

j m 

max(4 + a 2 , (n + 2) a + 8) ^ Aj . 



m(n + a) 



3=1 



Example 4.6. Two Schrodinger operators. Here we consider a simple 
example illustrating the results on pairs of operators. Let H\ be a Schrodinger 
d 2 

operator — — + VAx) with Neumann boundary conditions on a finite inter- 
ax 2 

d 2 

val i" C R and H 2 be a Schrodinger operator — — + V 2 (x) with Dirichlet 

dx 2 

boundary conditions on the same interval; we assume that both potentials 
are sufficiently smooth and that V\ (but not necessarily V 2 ) is real-valued. 

We choose G = G* = G\ = G 2 = It easy to check that for an 

eigenfunction ip of H 2 corresponding to an eigenvalue \i we have 

dl ""^ 9/ 



dx 2 



-i(p - V^lai = . 



Thus, Gip G Dh ± , and the commutators appearing in Theorem \T2 
rectly defined. 

Elementary computations then produce 



are cor- 



A = [H u H 2 , G] = {V, - V 2 )ij- - iV 2 ' . 



and, further on, 

(4.25) D. 

(4.26) L>_ 



d 2 



A* = (Vx - V 2 ) + iV{ . 



rl d 



-A*G + GA = {2i Im V 2 )— + 2V^— + V 2 " , 

\JjJU \htXj 

-A*G - GA = 2(Vi - Re V 2 )-f- + 2{V[ - V 2 ')4~ - V 2 " . 

dx 2 dx 
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Substituting this expressions into ( |3.11| ) and (|3.12| ), we obtain the trace 
identities, 



j,<Pk) 



~(((2iImy 2 )^ + 2y 2 'A + y 2>i) ^. ); 



( 4 - 28 ) 1 E nr^ia K^ - ^4 ~ iV ^> 

= i((2(Vl - Re F 2 )^ + 2(v? - Vfi± - VfWjM . 
Also, the estimates (gl^) - (gl7|) hold. 

As usual, obtaining "practical" information about eigenvalues and eigen- 
value gaps from (|3.15|) - (|3.17|) requires constructing effective estimates from 
above for 

d 

dx 

and from below for 



a 3 = \\A^ = \\{{V 1 -V 2 )i--iVJ l )4, 3 \\\ 



df = -iiD+^j) = -i{((2ilmV 2 )-^ + 2V 2 '-^ + V^j^j) 



and 

dj = -(D^,^) = -<(2(Vi - Re^ 2 )^ + 2{V[ - Vfi-jL - V?)^) ■ 



Estimating a,j is easy: 

|%| < ll^i-^ 2 ||?A| + ||y 2 '||?, 

where || • ||i stands for the L\ norm on the interval. 

The estimation of dj doesn't seem to be possible in general, without 
additional assumptions on potentials V% and V 2 . Therefore, we shall consider 
a simple particular case of V\ = V 2 = V, assuming additionally that V" > 
c > uniformly on I. Then we have 

ai = nvViir<imi. 

dj = -i{(2V'± + V")ipj, fy) = f (V'^y = 

i 

19 



(as could be expected for a self-adjoint H 2 ), and 



d~ = ly'%, ipj) > yfc = min \/V" . 
Then, by Corollary |3.5| we have 

WV'Wl 

mm \ — Afc| < -j= . 

k min VV" 

1 

References 

[Ash] Ashbaugh, M S, Isoperimetric and universal inequalities for eigen- 
values, in Spectral theory and geometry (Edinburgh, 1998), E B 
Davies and Yu Safarov, eds., London Math. Soc. Lecture Notes, 
vol. 273, Cambridge Univ. Press, Cambridge, 1999, pp. 95-139. 

[AshBen] Ashbaugh, M S and Benguria, R D, Bounds for ratios of first, 
second and third membrane eigenvalues, in Nonlinear Problems in 
Applied Mathematics: In Honor of Ivor Stakgold oh his Seventieth 
Birthday, T S Angell, L P Cook, R E Kleinmann, and W E Olm- 
stead, eds., Society for Industrial and Applied Mathematics, 
Philadelphia, 1996, pp. 30-42. 

[ChGrYa] Chung, F R K, Grigor'yan A, and Yau, S-T, Upper bounds for 
eigenvalues of discrete and continuous Laplace operators, Ad- 
vances in Math. 117 (1996), 165-178. 

[Hal] Harrell, E M, II, General bounds for the eigenvalues of Schro dinger 
operators, in Maximum Principles and Eigenvalue Problems in 
Partial Differential Equations, P.W. Schaefer, ed., Longman 
House, Essex, and Wiley, New York, 1988, pp. 146-166. 

[Ha2] Harrell, E M, II, Some geometric bounds on eigenvalue gaps, Com- 
munications in Partial Differential Equations 18 (1993), 179-198. 

[HaMil] Harrell, E M, II and Michel, P L, Commutator bounds for eigen- 
values of some differential operators, in Evolution Equations, Lec- 
ture Notes in Pure and Appl. Math., vol. 168, Dekker, New York, 
1995, 235-244. 

[HaMi2] Harrell, E M, II and Michel, P L, Commutator bounds for eigen- 
values, with applications to spectral geometry, Communications in 
Partial Differential Equations 19 (1994), 2037-2055; Erratum 20 
(1995), 1453. 



20 



[HaSt] Harrell, E M, II and Stubbe, J, On trace identities and universal 
eigenvalue estimates for some partial differential operators. Trans. 
Amer. Math. Soc. 349 (1997), 2037-2055. 



[HiPr] Hile, G N, and Protter, M H, Inequalities for eigenvalues of the 
Laplacian, Indiana Univ. Math. J. 29 (1980), 523-538. 

[Hoi] Hook, S M, Inequalities for eigenvalues of self-adjoint operators, 
Trans. Amer. Math. Soc. 318 (1990), 237-259. 

[Ho2] Hook, S M, Domain-independent upper bounds for eigenvalues of 
elliptic operators, Trans. Amer. Math. Soc. 318 (1990), 615-642. 

[PaPoWe] Payne, L E, Polya, G, and Weinberger, H F, On the ratio of 
consecutive eigenvalues, J. Math, and Phys. 35 (1956), 289-298. 

[Si] Simon, B, Private communication. 

[Ya] Yang, Hongcang, An estimate of the difference between consecutive 

eigenvalues, preprint IC/91/60 of the Intl. Centre for Theoretical 
Physics, Trieste, 1991 (revised preprint, Academia Sinica, 1995). 



21 



